We hope that one can use some of the weak forms of the 2-part of the conjecture of Birch and Swinnerton-Dyer established here (see, in particular, our Corollary 4.6) to extend the deep results of [6] , [7] , [8] , to certain infinite families of quadratic twists of our curves E, having root number equal to −1 . It is also interesting to note that, in [8] , Tian and his collaborators introduce a new and completely different method for establishing weak forms of the 2-part part of the conjecture of Birch and Swinnerton-Dyer for curves with K = Q( √ −1), by using a celebrated formula of Waldspurger, and they believe that this new method can eventually be applied to a much wider class of elliptic curves, including those without complex multiplication. Needless to say, the rather elementary methods used here seem to be special to elliptic curves with complex multiplication. Finally, we wish to thank Y. Tian for his ever helpful comments on our work.
The averaging argument
Let K be an imaginary quadratic field of class number 1, which we assume is embedded in C, and let O K its ring of integers. Let E be any elliptic curve defined over K, whose endomorphism ring is isomorphic to O K . Fix once and for all a global minimal generalized Weierstrass equation for E over O K (2) y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 (a i ∈ O K ).
Let L be the period lattice of the Neron differential dx/(2y + a 1 x + a 3 ). Then L is a free O K -module of rank 1, and we fix Ω ∞ ∈ C × such that L = Ω ∞ O K . Denote by ψ E the Grossencharacter of E/K in the sense of Deuring-Weil, and write f for the conductor of ψ E (thus the prime divisors of f are precisely the primes of K where E has bad reduction). Now let g be any integral multiple of f, and fix g ∈ O K such that g = gO K . Let S be the set of primes ideals of K dividing g, and denote by L S (ψ E , s) = (a,g)=1ψ E (a) (Na) s the imprimitive Hecke L-function of the complex conjugate Grossencharacter of ψ E . Our subsequent induction argument is based on the following expression for L S (ψ E , s), which goes back to the 19th century. Let z and s be complex variables. For any lattice L in the complex plane C, define the Kronecker-Eisenstein series by H 1 (z, s, L) := w∈Lz +w |z + w| 2s , where the sum is taken over all w ∈ L, except −z if z ∈L. This series converges to define a holomorphic function of s in the half plane Re(s) > 3/2, and it has an analytic continuation to the whole s-plane. Let R denote the ray class field of K modulo g, and let B be any set of integral ideals of K, prime to g, whose Artin symbols give precisely the Galois group of R over K (in other words, B is a set of integral ideals of K representing the ray class group of K modulo g). Since the conductor of ψ E divides g, it is well known that R is equal to the field K(E g ), which is obtained by adjoining to K the coordinates of the g-division points on E.
Proposition 2.1. We have
Proof. As mentioned above B is a set of integral representatives of the ray class group of K modulo g, and so it follows that, fixing any generator of each b in B, we obtain a set of representatives of (O/g) * /μ K , whereμ K denotes the image under reduction modulo g of the group µ K of roots of unity of K. Moreover, the very existence of ψ E shows that the reduction map from µ K toμ K must be an isomorphism of groups. For each b in B, we choose the generator of b given by ψ E (b). It follows that, as b runs over B and c runs over g, the principal ideals (ψ E (b) + c) run over all integral ideals of K, prime to g, precisely once. Thus
The corresponding classical Weierstrass equation for E (M ) over C is then given by
Hence the period lattice for the curve
We now suppose that we are given an infinite sequence
of distinct prime elements of O K . We shall say that this sequence is admissible for E/K if, for all n ≥ 1, we have that π n is prime to the discriminant of K, and
For each integer n ≥ 0, define
We now take R n to be the ray class field of K modulo g n . Since π j ≡ 1 mod 4, the above lemma shows that the extension K( √ π j )/K has conductor π j O K , and so is contained in R n , for all j with 1 ≤ j ≤ n. Hence the field J n defined by
is always a subfield of R n . Let S n be the set of prime ideals of K dividing g n . Also, writing f for any O K generator of the ideal f, we put g n = f M n , so that g n = g n O K . Finally, we define D n to be the set of all divisors of M n which are given by the product of any subset of {π 1 , ..., π n }. The averaging theorem which follows is essentially contained in the earlier paper of one of us [9] , and is the basis of all of our subsequent arguments. For simplicity, we write just ψ M for the Grossencharacter of the curve E (M ) for any M ∈ D n . Theorem 2.4. Let {π 1 , ..., π n , ...} be any admissible sequence for E/K. Then, for all integers n ≥ 1, we have
where T r Rn/Jn denotes the trace map from R n to J n .
Proof. Let M be any element of D n . Applying Corollary 2.2 to the curve E (M ) with g = g n , and using (3), we conclude that
Now, for any non-zero complex number λ, we have
Hence, taking λ = √ M , and writing G n for the Galois group of R n /K, we conclude that
It is now clear that the assertion of the theorem is an immediate consequence of the following lemma.
is equal to 2 n if σ belongs to H n , and is equal to 0 otherwise.
Proof. The first assertion of the lemma is clear. To prove the second assertion, suppose that σ maps k ≥ 1 elements of the set { √ π 1 , ..., π n } to minus themselves, and write V (σ) for the subset consisting of all such elements. If M be any element of D n , it is clear that σ will fix √ M if and only if M is a product of an even number of elements of V (σ), with an arbitrary number of elements of the complement of
where (n, r) denotes the number of ways of choosing r objects from a set of n objects. Similarly, the total number of M in D n such that σ maps
Since these last two expressions are equal, the second assertion of the lemma is now clear.
Integrality at 2
We use the notation and hypotheses introduced in the last section. Our aim in this section is to prove the following result.
Theorem 3.1. Assume that E has good reduction at the primes of K above 2, and that {π 1 , ..., π n , ...} is any admissible sequence for E/K. For all n ≥ 1, define
Then 2Ψ n is always integral at all places of J n above 2. Moreover, if the coefficient a 1 in (2) is divisible by 2 in O K , then Ψ n is integral at all places of J n above 2.
Before giving the proof of the theorem, we recall some classical identities involving elliptic functions (see. for example, [1] ). Let L be any lattice in the complex plane, and write p(z, L) for the Weierstrass p -function attached to L. For each integer m ≥ 2, we define the elliptic function B m (z, L) by
(see, for example, Prop. 1.5 of [2] , where the definitions of the constants s 2 (L) and A(L) are also given). It follows immediately that
. But now we have the addition formula
Taking the limit as z 1 tends to z 2 , we obtain the statement of the lemma for m = 2. For any m ≥ 2, the above addition formula also shows that
whence the assertion of the lemma follows by induction on m.
The next lemma is attributed in [1] to unpublished notes of Swinnerton-Dyer.
By the previous lemma, we have
is periodic with respect to L and odd, whence it follows that E *
. This completes the proof. Now we have the addition formula
whence we immediately obtain the following corollary. 
where ǫ k denotes the sign +1 or −1.
We can now give the proof of Theorem 3.1. Recall that the period lattice of the Neron differential of our fixed global minimal Weierstrass equation (2) 
Let m be the smallest positive rational integer lying in the ideal g n , so that m is also the smallest positive rational integer with the property that mw lies in L. Moreover, since E has good reduction at the primes of K above 2, the ideal f is not divisible by any prime of K above 2. This means that the smallest positive rational integer in the ideal g n must be odd. It follows that m is odd, and it must then be > 2. Let P be the point on E defined by w. Then we have
. But, as E has good reduction at all primes of K above 2 and the point rP has odd order, it follows that x(rP ) is integral at each prime of R n above 2. Thus we can immediately conclude from Corollary 3.4 and (9) that the following two assertions. Firstly, if a 1 /2 lies in O K , then every conjugate of E * 1 (Ω ∞ /g n , L) over K is integral at all places of R n above 2. In general, if we drop the assumption that a 1 /2 lies in O K , all we can say is that every conjugate of 2E * 1 (Ω ∞ /g n , L) over K is integral at every place of R n above 2. Taken together, these two assertions clearly imply Theorem 3.1. .
The induction argument
Let E be an elliptic curve defined over K, with complex multiplication by the ring of integers of K, and global minimal Weierstrass equation given by (2). We fix once and for all any place of the algebraic closure of Q above 2, and write ord 2 for the order valuation at this place, normalized so that ord 2 (2) = 1. Define α E to be 0 or 1, according as 2 does or does not divide a 1 in O K , where we recall that a 1 is one of the coefficients in the equation (2) . For any admissible sequence {π 1 , ..., π n , ...} for E/K, we define M n = π 1 . . . π n , and
which is an element of K. Moreover, we define
Our goal in this section is to prove the following theorem.
, and that E has good reduction at all places of K above 2. Then, for all admissible sequences {π 1 , ..., π n , ...} for E/K, and all integers n ≥ 1, we have
Proof. We shall prove the theorem by induction on n, and we begin with an obvious remark. Let r be any integer ≥ 0, and recall that ψ Mr denotes the Grossencharacter of the twisted curve E (Mr) . For each n > r, write p n = π n O K . Then p n is prime to the conductor of ψ Mr , and we have
Indeed, we have ψ Mr (p n ) = ζπ n , where ζ = 1 or
. Thus ζ ≡ 1 mod 2, and (13) then follows easily because π n ≡ 1 mod 4 and Np n = ψ Mr (p n )ψ Mr (p n ). Note also that, on combining Theorems 3.1 and 2.4, we conclude that, for all integers n ≥ 1, we have
It is clear that, on combining (13) for r = 0 and (14) for n = 1, we immediately obtain (12) for n = 1. Suppose now that n > 1, and that (12) has been proven for all integers strictly less than n. Combining this inductive hypothesis with assertion (13), we conclude that for all proper divisors M of M n , we have
whence (14) again shows that (12) holds for the integer n. This completes the proof of the theorem.
We next investigate which rational primes p split in K, and have the additional property that they can be written as p = ππ * , with π in O K satisfying π ≡ 1 mod 4 (and thus automatically also satisfying π * ≡ 1 mod 4). We call primes p with this property special split primes for K. Obviously, a necessary condition for p to be a special split prime for K is that p ≡ 1 mod 4. We remark that it is clear from the Chebotarev density theorem that there are always infinitely many special split primes for K.
. Let p be any rational prime which splits in K, and which satisfies p ≡ 1 mod 4. If K = Q( √ −7), then p is always a special split prime for K. If K = Q( √ −q), where q = 11, 19, 43, 67, 163, then such a p is a special split prime for K if and only if we can write p = ππ
Proof. Let K = Q( √ −q), and put τ = (1 + √ −q)/2, so that 1, τ form an integral basis of
. Then p = a 2 +ab+2b 2 , with a an odd integer, whose sign can be chosen so that a ≡ 1 mod 4, and with b an even integer, which has necessarily to be divisible by 4 since p ≡ 1 mod 4. We then clearly have that π = a + bτ satisfies π ≡ 1 mod 4. Finally, assume that K = Q( √ −q), where q is any of 11, 19, 43, 67, 163.
Then
where d K denotes the absolute value of the discriminant of K. Moreover, the complex L-series L(E, s) of E over Q coincides with the Hecke L-seres L(ψ E , s). If R is a non-zero square free integer, E (R) will now denote the twist of E by the extension Q(
Finally, α E has the same definition as earlier, and φ E is again defined by (11).
Lemma 4.3.
Assume that E is defined over Q, and has complex multiplication by the ring of integers of any of the fields K = Q( √ −q), where q = 7, 11, 19, 43, 67, 163. Suppose further that E has good reduction at 2. Then the conductor N(E) of E is a square.
Proof. Let p be any prime dividing N(E). Since E has potential good reduction at p, we must have that p 2 exactly divides N(E) whenever p > 3. Also p = 2, because E has good reduction at 2. Thus we only have to check that an even power of 3 must divide N(E). But, since q > 3, it is well known (see [3] ) that E is the quadratic twist of an elliptic curve of conductor q 2 , whence it follows immediately that either 3 does not divide N(E), or 3 2 exactly divides N(E), according as 3 does not, or does, divide the discriminant of the twisting quadratic extension. This completes the proof.
We now introduce a definition which for the moment is motivated by what is needed to deduce the next theorem from our earlier induction argument (but see also the connexion with Tamagawa factors discussed in the next section). Write w E for the sign in the functional equation of L(E, s). We continue to assume that E is defined over Q, and satisfies the hypotheses of Lemma 4.3. If D is any square free integer which is prime to N(E), it is well known that the root number of the twist E (D) of E by the quadratic extension Q( √ D)/Q is given by χ D (−N(E))w E , where χ D denotes the Dirichlet character of this quadratic extension. Thus, in view of Lemma 4.3, we are led to make the following definition.
Definition 4.4.
Assume that E satisfies the hypotheses of Lemma . A square free positive integer M is said to be admissible for E if it satisfies (i) (M, N(E)) = 1, (ii) M ≡ 1 mod 4 or M ≡ 3 mod 4, according as w E = +1 or w E = −1, and (iii) every prime factor of M which splits in K is a special split prime for K. Theorem 4.5. Assume that E is defined over Q, has complex multiplication by the ring of integers of K = Q( √ −q), where q = 7, 11, 19, 43, 67, 163, and has good reduction at 2. Let M be a square free positive integer, which is admissible for E, and let r(M) denote the number of primes of K dividing M. Put ǫ equal to +1 or −1, according as M ≡ 1 or 3 mod 4. Then, for w E = ǫ, we have
Proof. Let M be any square free integer which is admissible for E, and let p be any prime dividing M. If p is inert in K, define π to be p or −p, according as p is congruent to 1 or 3 mod 4. If p splits in K, then Lemma 4.2 shows that we can then write p = ππ * , where π and π * are elements of O K , which are both congruent to 1 mod 4. Since every p with p ≡ 3 mod 4, and p dividing M, is inert in K, it is now clear that we can write
where the π i are distinct prime elements of O K , which are all congruent to 1 mod 4, and which are also prime to f and the discriminant of K. Hence the above theorem is an immediate consequence of Theorem 4.1.
The following is an immediate corollary of the above theorem. Of course, the hypothesis made in the corollary that L(E, 1) = 0 implies that the root number w E = 1, and so the admissible M in this case are ≡ 1 mod 4. Corollary 4.6. Assume that E is defined over Q, has complex multiplication by the ring of integers of K, and has good reduction at 2. Suppose further that we have (i) K = Q( √ −3), (ii) L(E, 1) = 0, and (iii) ord 2 (L (alg) (E, 1)) < 0. Let M be any square free positive integer which is admissible for E, and which is divisible only by rational primes which split in K. Then
where k(M) denotes the number of rational prime divisors of M.
We now discuss some numerical examples of this theorem. For basic information about the curves discussed below, see, for example, [3] . As a first example, let E be the elliptic curve defined by
It has conductor 49, and complex multiplication by the ring of integers of K = Q( √ −7). In fact, this curve is isomorphic to the modular curve X 0 (49). By the Chowla-Selberg formula, the period lattice L of the Neron differential on E is given by L = Ω ∞ O K , where
)Γ( )Γ(
Moreover, α E = 1 because a 1 = 1, and L (alg) (E, 1) = 1/2, so that φ E = 1. Note that any positive square free integer M with (M, 7) = 1 and M ≡ 1 mod 4, will be admissible for E, provided each of its prime factors which splits in K (thus a prime factor which is congruent to any of 1, 2, or 4 mod 7) is congruent to 1 mod 4. Theorem 4.5 therefore implies that, for such admissible integers M, we have
We see from Table I at the end of this paper that this estimate is in general best possible. As a second example, take for E the elliptic curve defined by
It has conductor 121, and complex multiplication by the ring of integers of K = Q( √ −11). Again by the Chowla-Selberg formula, the period lattice L of the Neron differential on E is given by L = Ω ∞ O K , where
Moreover, α E = 0 because a 1 = 0, and w E = −1, so that φ E = 0. The split primes for K are those which are congruent to 1, 3, 4, 5, 9 mod 11. For example, all special split primes < 1000 for this curve are:-53, 257, 269, 397, 401, 421, 617, 757, 773, 929.
Let now M be any square free positive integer which is admissible for E (in particular, since we are only interested in twists E (−M ) having root number equal to +1, we assume that M ≡ 3 mod 4 and (M, 11) = 1). Then Theorem 4.5 implies that
However, in this example, Table II at the end of this paper suggests that this estimate is not, in general, best possible. It seems plausible to speculate from Table II that the lower bound of (20) could be improved to r(M) + 1.
Tamagawa Factors
Our goal in this last section is to relate the estimate given by Theorem 4.5 to the Tamagawa factors which arise in the Birch-Swinnerton-Dyer conjecture for the twists of our given elliptic curve with complex multiplication. Suppose first that E is any elliptic curve E defined over Q, and any prime p of bad reduction for E, let E(Q p ) denote the group of points on E with coordinates in the field of p-adic numbers Q p , and E 0 (Q p ) the subgroup of points with non-singular reduction modulo p. We define
and recall that the Tamagawa factor c p (E) is defined by
If A is any abelian group, A[m] will denote the kernel of multiplication by a positive integer m on A. The following lemma is very well known, but we give it for completeness.
Lemma 5.1. Let E be any elliptic curve over Q, and let p be a prime number where E has bad additive reduction. Then, for all positive integers m with (m, p) = 1, we have
Proof. Let E 1 (Q p ) denote the group of points on the formal group of E at p. Since E has additive reduction modulo p, the group of non-singular points on the reduction of E modulo p is isomorphic to the additive group of the field F p . As E 1 (Q p ) is pro-p, and we have the exact sequence
it follows immediately that multiplication by m is an isomorphism on E 0 (Q p ), whence the assertion of the lemma follows easily from a simple application of the snake lemma to the sequence 0
As earlier, let E now be our elliptic curve defined over Q with complex multiplication by the ring of integers of the imaginary quadratic field K, and write N(E) for the conductor of E. Once again, we will assume that E has good reduction at 2, and so we cannot have
. Let M denote an odd positive square free integer with (M, N(E)) = 1. We put ǫ equal to +1 or −1, according as M is congruent to 1 or 3 mod 4. Thus 2 is always unramified in the quadratic extension Q(
Proof. Let p be any prime factor of N(E) or M, so that, in particular, p is odd. Since the j-invariant of E, and so also the j-invariant of E (ǫM ) , are integral, it follows from the table on p. 365 of [4] that the 2-primary subgroups of C p (E) and C p (E (ǫM ) ) are either 0, Z/2Z, or Z/2Z × Z/2Z. Now when p divides N(E), both E and E (ǫM ) have additive reduction at p, and so we conclude from Lemma 5.1 that, in this case,
Also when p divides M, we have, again from Lemma 5.1, that
But the Galois group of Q( √ ǫM )/Q clearly acts trivially on points of order 2 on E (ǫM ) , and so we always have
The assertions of the lemma now follow immediately.
Theorem 5.3. Assume that E is defined over Q and has good reduction at 2, and that K = Q( √ −3). Let M be an odd positive square free integer with (M, N(E)) = 1, and having the property that every prime factor of M which is inert in K is congruent to 1 mod 4. Let p be any prime dividing M.
)) = 0 if p splits in K and the trace of the Frobenius endomorphism of the reduction of E modulo p is odd, and (iii) ord 2 (c p (E (ǫM ) )) = 2 if p splits in K and the trace of the Frobenius endomorphism of the reduction of E modulo p is even.
Before giving the proof of this theorem, we state an important corollary.
Corollary 5.4. Assume that E is defined over Q and has good reduction at 2, and that
. Let M be a positive integer which is admissible for E in the sense of Definition ??, and has the property that every prime factor of M is congruent to 1 mod 4. Write r(M) for the number of primes divisors of M in K. Then
Proof. Let p be any prime factor of M. Since (p, N(E)) = 1, E has good reduction at p and p does not ramify in K. Recalling (22) and (23), we have to compute the order of E(Q p ) [2] . Now, since p is odd, the Galois module E [2] is unramified at p. LetẼ denote the reduction of E modulo p. Since the formal group of E at p is a Z p -module, it follows easily that reduction modulo p defines an isomorphism Proposition 5.5. Assume that E is defined over Q and has good reduction at 2, and that
. Assume further that L(E, 1) = 0, and that ord 2 (L (alg) (E, 1)) < 0. Then, for all positive integers M, which are admissible for E, and have the property that all of their prime factors are ≡ 1 mod 4, we have
As we shall now explain, the lower bound given by (25) is exactly what the conjecture of Birch and Swinnerton-Dyer would predict for elliptic curves satisfying the hypotheses of this proposition. We first establish a preliminary result.
Proposition 5.6. Let E be an elliptic curve defined over Q, with complex multiplication by the ring of integers of K. Assume that E has good reduction at 2, and that K = Q( √ −3). Let M denote an odd positive square free integer with (M, N(E)) = 1, and put ǫ equal to +1 or −1, according as M is congruent to 1 or 3 mod 4. Then the 2-primary subgroups of E(Q) and E (ǫM ) (Q) have the same order, and this order is equal to 2 or 1, according as the prime 2 splits or is inert in K.
Proof. Let A denote the elliptic curve E or E (ǫM ) (Q), so that A also has good reduction at 2. In order to show that the 2-primary subgroup of A(Q) is annihilated by 2, it suffices to prove that the 2-primary subgroup of A(K) is annihilated by 2. Now, as E has good reduction at 2, the prime 2 does not ramify in K, and thus it either splits or is inert in K. Let v denote any prime of K above 2. Since A has good reduction at v, the formal group of A at v is a Lubin-Tate formal group with parameter π = ψ A (v). Let n be any integer ≥ 1. As the group A[π n ] of π n -division points on A lies on the formal group of A at v, it follows from Lubin-Tate theory the extension K(A[π n ])/K has Galois group isomorphic to (O K /π n O K ) * , which is non-trivial for all n ≥ 1 if 2 is inert in K, and which is non-trivial for all n ≥ 2 if 2 splits in K. In particular, the 2-primary subgroup of A(K) must be trivial if 2 is inert in K, and it must be killed by 2 when 2 splits in K. But 2 splits in K happens precisely when K = Q( √ −7), and then A must be a quadratic twist of the curve given by (17). Now the curve (17) has a unique rational point of order 2 given by (2, −1). It follows that A(Q) must also have a unique point of order 2, because A is a quadratic twist of (17). This completes the proof. Now assume that E satisfies the hypotheses of Proposition 5.5. Since L(E, 1) = 0, we know that both E(Q) and the Tate-Shafarevich group of E/Q are finite, and we write w(E) and t(E) for their respective orders. Then the conjecture of Birch and SwinnertonDyer predicts that
c p (E)) + ord 2 (t(E)) − 2ord 2 (w(E)).
where c ∞ (E) denotes the number of connected components of E(R). If we recall Proposition 5.6, and the fact that the Cassels-Tate theorem implies that t(E) is the square of an integer, we see that the combination of our hypothesis that ord 2 (L (alg) (E, 1)) < 0 and the conjectural formula (26) imply that necessarily (27) ord 2 (t(E)) = 0.
Suppose now that L(E (M ) , 1) = 0. Again, we then know that both E (M ) (Q) and the Tate-Shafarevich group of E (M ) /Q are finite, and we write w(E (M ) ) and t(E (M ) ) for their respective orders. Then, in this case, the conjecture of Birch and Swinnerton-Dyer predicts that
where c ∞ (E (M ) ) denotes the number of connected components of E (M ) (R). Obviously, c ∞ (E) = c ∞ (E (M ) ) since Q( √ M) is a real quadratic field. Moreover, Proposition 5.6 shows that ord 2 (w(E)) = ord 2 (w(E (M ) )), and Lemma 5.2 tells us that, for primes p dividing N(E), we have ord 2 (c p (E)) = ord 2 (c p (E (M ) ). Hence, recalling (27), we conclude that the conjecture of Birch and Swinnerton-Dyer predicts that
This shows that, under the above hypotheses, the lower bound given by (25) is precisely what the conjecture of the Birch and Swinnerton-Dyer would predict if we ignore the unknown term ord 2 (t(E (M ) )) giving the order of the 2-primary subgroup of the TateShafarevich group of the curve E (M ) .
Tables
In this section, we include some short tables of numerical examples of our results for two elliptic curves E defined over Q. We use the same notation as earlier. For the curve of conductor 49 in Table I , the root number of the curve is +1, and for the curve of conductor 121 in Table II the root number is −1. As always, M will denote a square free positive integer which is admissible for the elliptic curve E, and r(M) will denote the number of prime divisors of M in the field of complex multiplication K. 
